Summary. In this paper, we establish a basic dimension theory for rigid subanalytic sets, and we prove a Smooth Stratification Theorem for such sets, in all characteristics.
Introduction
Subanalytic sets are images of analytic varieties under certain analytic maps. Real semianalytic and subanalytic sets were introduced in [17] and [4] . The theory was developed considerably in [9] , using Resolution of Singularities (see also [1] ).
In [3] , a new treatment of real subanalytic sets was given using Quantifier Elimination instead of Resolution of Singularities. Using this approach, Denef and van den Dries also introduced and established the basic theory of p-adic subanalytic sets (i.e., subanalytic sets over the p-adic fields Q p , in Macintyre's language [18] ).
This technique was extended to the rigid analytic category in [12] and in [23] . These theories were further developed in [13] - [16] , [20] - [22] , [24] - [28] , [5] and [6] . The theory in [12] was based on certain power series rings, S m,n . In [16] , Chapter 7, we gave a much more general theory of subanalytic sets, based on subrings of S m,n that are closed under Hasse derivatives. An important instance of such subrings are the Tate rings T m .
The main result of this paper, the H-subanalytic Smooth Stratification Theorem, Theorem 4.4, was stated without proof in [16] , Corollary 7.4.3. Our motivation in this paper is to supply the proof for that result, which involves non-trivial complications in characteristic p. Moreover, the basic dimension theory for affinoid rigid subanalytic sets, alluded to in [16] , Chapter 7, forms a step in the proof of the fundamental affinoid quantifier elimination theorem of [6] . The details of the basic dimension theory, including a proof of the Theorem on the Boundary, Theorem 4.3, are provided in this paper. In Section 2, we define dimension via coordinate projection and, using modeltheoretic techniques, we prove that the dimension of a subanalytic set is the maximum of the dimensions of its germs, a property which is not true of more general sets. We show that dimension is preserved under analytic maps.
In Section 3, we prove the basic facts about smooth points of H-analytic varieties in characteristic 0 and characteristic p. Theorems 3.1 and 3.2 show that the singular locus lies in an H-analytic variety of lower dimension. Indeed, remaining within the framework of E(H), we produce new equations for the given variety whose Jacobian generically attains maximum rank. This leads, in Corollary 3.3, to a decomposition of an H-subanalytic set into a (not necessarily disjoint) collection of H-subanalytic, embedded analytic manifolds.
In Section 4, we prove facts about the dimension theory of H-subanalytic sets that allow us to "disjointify" the stratification given in Section 3. The key such fact is Theorem 4.3, the Theorem on the Boundary, which asserts that the boundary of an H-subanalytic set has lower dimension. Theorem 4.4 is the H-subanalytic Smooth Stratification Theorem.
The next four subsections provide necessary background and notation.
Hasse Derivatives
. . , t m ) be variables, and consider a power series
In characteristic p, the above holds as well, but has nontrivial content only when
The following properties of the D follow easily from the definition: 
Quantifier Elimination
Let L be the first order language of valued rings, 
i.e., and define the same subset of (F
As in [16] , §7 this leads to the following definition. A subset X of (F
Manifolds
Let F be a field complete in the absolute value | · |:
V are locally given by convergent power series over F (see [29] ). The d -dimensional manifolds X we consider are all embedded submanifolds of (F • ) m , which means that the topology of X is the relative topology inherited from the metric space F . Hence the coordinate functions ϕ U : U → F d on the charts of X can be taken to be restrictions to U of projections onto suitable coordinate d -planes. In what follows, we often work over the field F alg , which may not be complete. This may appear puzzling. However, the manifolds that we work with here are all H-subanalytic sets, hence are defined by quantifier-free 
Suppose some (r × r) minor of the Jacobian J (f 1 , . . . , f r ;
m .
Elementary Properties of Dimension
In this section, we define dimension via coordinate projection, and prove that the dimension of a subanalytic set is the maximum of the dimensions of its germs. We also show that dimension is preserved under analytic maps, hence that a d -dimensional manifold has dimension d .
Definition
Let F be a field complete in the non-trivial absolute value | · |: F → R + . For a nonempty set X ⊂ F m , we define the dimension of X , dim X , to be the greatest integer d such that the image of X under coordinate projection onto a d -dimensional coordinate plane has nonempty interior. If X = φ, we define dim X : = −∞. For x ∈ F m , we define dim X x to be the minimum of dim X ∩ U , where U is a rational polydisc containing x, i.e., dim X x is the dimension of the germ of X at x.
Remarks
(i) We have dim ∪ i∈N X i = max dim{X i : i ∈ N}; this follows from the Baire Category Theorem for
(ii) If the metric space F is second countable; i.e., has a countable base for its topology, then dim X = max
This follows from part (i), above.
(iii) For H-subanalytic sets X , the value of dim X depends only on the L Hformula defining X and not on the field F . This is a consequence of the Quantifier Elimination Theorem, [16] , Theorem 7.3.2. If ϕ is the L H -sentence which asserts that X has dimension d , the truth of ϕ does not depend even on whether the field F is complete.
Lemma
Proof. When the coefficient field K has a countable dense subset, then we may take F to be the completion of the algebraic closure of K , which is algebraically closed, complete and second countable. In this case, the lemma follows from the above Remarks. The general case can be reduced to this case by exploiting the uniform character of the Quantifier Elimination Theorem. Let ϕ be a quantifier-free L H -formula that defines X and let be an L Hsentence which asserts that dim X is exactly d . Let H = (H ) be a countable subset of H over which all the functions occurring in the formulas ϕ and are defined, as in [16] , Chapter 7. Let K be a countable subfield of K that contains the coefficients of all power series in H . Let K be the countable field obtained from K by closing under all functions from E(H ). Finally, let K * be the completion of K . Since the elements of E(H ) are continuous, K * is closed under the functions of E(H ). The proof of the Quantifier Elimination Theorem, [16] , Theorem 7.3.2 uses only elements of E(H ), and the elimination given is independent of the field F , which we take to be the completion of the algebraic closure of K * . Hence F has a countable dense subset.
Proof. Considering irreducible components separately, we may take I to be prime. 
Remark
Let X ⊂ F m be an embedded d -dimensional F -analytic manifold. Then dim X x = d for every x ∈ X . This is immediate from the previous lemma. Hence for a subanalytic manifold X , its dimension as a manifold agrees with its dimension as a subset of F m , as in Definition 2.1.
Smooth Points and Jacobians
Given a variety V = V (f 1 , . . . , f r ), Theorems 3.1 and 3.2 show how to use Hasse derivatives (and p th roots in characteristic p) to obtain equations for V whose Jacobian with respect to the usual partial derivatives generically attains the maximum rank. It follows, Corollary 3.3, that there is a decomposition of an H-subanalytic set into a (not necessarily disjoint) collection of H-subanalytic manifolds.
In the proofs of Theorems 3.1 and 3.2 we will implicitly use the fact that if T m → A is a generalized ring of fractions and p is a prime ideal of A such that V (p)∩ Dom A = φ, then A p is closed under Hasse derivatives. This follows easily from the quotient rule and the definition of generalized rings of fractions [16] , Definition 7.1.8.
Theorem
Suppose Char K = 0. Let T m (K ) → A be a generalized ring of fractions. Let f 1 , . . . , f r ∈ A, let I be the ideal of A generated by f 1 , . . . , f r , and let p ∈ Spec A be a minimal prime divisor of I such that m ⊃ p for some m ∈ Dom A. Then there are finitely many differential polynomials P j and Q, with integer coefficients, such that (i) Q(f) / ∈ p and the P j (f)/Q(f) generate pA p , and
(ii) some × minor of the Jacobian matrix
does not belong to p, where = htp.
Proof. We may assume that K is algebraically closed. Indeed, let K be a complete, algebraically closed field extending K , and let
as in [16] , Definition 5.4.6. Let q ∈ Spec A be a minimal prime divisor of I · A lying over p. Suppose we have found finitely many differential polynomials P i and Q, with integer coefficients, such that Q(f) / ∈ q and the P i (f)/Q(f) generate qA q . Then Q(f) / ∈ p and, since A → A is faithfully flat by [16] , Lemma 3.1.11(iii), the P i (f)/Q(f) must generate pA p , as desired. Henceforth, K is algebraically closed.
By [19] , Theorem 30. 4 (ii), we may take A = T m . Let m ∈ Max T m , and let f ∈ m \ m +1 for some > 0. 
Adjoining the 
. , m−1 ). Thus there is an isomorphism
given by substitution of g for m .
Let J be the ideal of T m−1 generated by the ϕ(f i ) and let Q: = ϕ(q). Then Q is a minimal prime divisor of J . By induction, there are finitely many differential polynomials P i and Q, with integer coefficients, such that Q(ϕ(f)) / ∈ Q and the
To complete the proof, it suffices to find differential polynomials P i and Q, with integer coefficients, such that Q(f) / ∈ p and such that
This follows immediately from the Chain Rule: let F ∈ O(U ); then
Now pA p is generated by f 1 and the P i (f)/Q(f). This proves part (i). To prove part (ii), note that the rank of the Jacobian matrix of partial derivatives of f 1 and the P i (f)/Q(f) is one more than that of the matrix of partial derivatives of the P i (ϕ(f))/Q(ϕ(f)).
Theorem
Suppose Char K = p. Let T m (K ) → A be a generalized ring of fractions. Let f 1 , . . . , f r ∈ A, let I be the ideal of A generated by f 1 , . . . , f r , and let p ∈ Spec A be a minimal prime divisor of I such that m ⊃ p for some m ∈ Dom A. Then there is an n ∈ N, a rational polydisc U ⊂ Dom A with a point x ∈ U such that p(x) = 0, and (Hasse) differential polynomials P j , j = 1, . . . , and Q, with coefficients in
O(U ), and (i) Q(f) / ∈ p and the nilradical of the ideal of A p generated by the P j (f)/Q(f) is p · A p , and (ii) some × minor of the Jacobian matrix J ((
) does not belong to q, for any q ∈ Spec O(U ) lying above p.
Proof. As in the proof of the previous theorem, it is no loss of generality to assume that K is algebraically closed. Since the statement of the theorem is local, we may take A = T m .
Induct on m. If m = 1, the result is immediate (since T 1 is a UFD of K rull dimension 1). Let m be as above. We now induct on the greatest integer such that I ⊂ m . If = 0, ∞, there is nothing to prove. We may assume that f 1 ∈ m \m +1 .
In this case,
Observe that at least one of (f) 1/p and the D f 1 cannot lie in m . By induction, the theorem
as can easily be checked by taking f to be a monomial.
Without loss of generality, we may assume, by adding elements of the form D f 1 to the set of generators of I that = (0, . . . , 0, 1). Now proceed exactly as in the proof of the previous theorem.
It is a consequence of the Quantifier Elimination Theorem of [16] , Theorem 7.4.2, that every H-subanalytic subset of (F
m is a finite union of sets of the form
where T m (K ) → A is a generalized ring of fractions and each f i | Dom A ∈ E(H) (see [16] , Definition 7.1.8). In fact, this is a slightly stronger form of [16] , Theorem 7.4.2, since there we show that H-subanalytic sets are finite unions of intersections of sets of the form ( * ), above, with sets of the form
where each g i , h i ∈ A ∩ E(H) and 2 i ∈ {<, ≤}. However, a condition of the form ( * * ) defines the domain of a generalized ring of fractions B, extending A, as in [16] , Definition 7.1.1.
Since the sets Dom A that occur in ( * ), above, are open, and since Dom A 1 ∩ Dom A 2 = Dom A 3 for an appropriate generalized ring of fractions A 3 , the preceding two theorems are the basis for a smooth stratification of H-subanalytic sets.
Corollary
Let X ⊂ (F Proof. By the above discussion, it suffices to treat sets of the form
Boundaries and Stratification
In this section, we complete the proofs of the Theorem on the Boundary and the H-subanalytic Smooth Stratification Theorem. We begin with two lemmas on dimension theory.
Lemma
Let X and Y be H-subanalytic sets that are embedded F alg -analytic manifolds, and
Proof. Without loss of generality, we assume dim
There is an F alg -rational polydisc B about x and an F alg -analytic isomorphism
Since 
The Krull dimension of S m,n /I is equal to dim V (I ), the dimension of the subanalytic set V (I ) ⊂ (F 
4.3 Theorem (Theorem on the boundary) Let X be an H-subanalytic set of dimension d , then Bd X : = X \ X is an Hsubanalytic set of dimension less than d .
Proof. As a consequence of the Quantifier Elimination Theorem, [16] , Theorem 7.4.2, X is a finite union of sets of the form ( * ), as in Section 3. We may take X itself to be of that form:
be the coordinate projection. Note, by [16] , Definition 7.
Put Y : = −1 (X ), and let V be the union of all those irreducible components of V (f) in Max A that are not contained in E.
Since E and V share no irreducible component, by Lemma 
Since E and V share no irreducible component, another application of Lemma 4.2 concludes the proof of the claim.
It suffices to show that (Y ) is closed. Suppose x / ∈ (Y ). Then
By the Łojasiewicz Inequality [12] , Theorem 5.11 (applied to the comparison between a nonzero constant function and the continuous subanalytic function that measures the distance between a point in the fiber −1 (x) and the subanalytic set Y ), there is a rational polydisc
(Note that H-subanalytic sets are subanalytic in the sense of [12] and hence the Łojasiewicz Inequalities of [12] apply to H-subanalytic sets. Proof. Induct on dim X . If dim X = 0, then by [13] , Corollary 4.7, the projection of X on every coordinate axis is finite. Thus X is finite. Suppose dim X = d . Then by Corollary 3.3, we may write X as a finite union of H-subanalytic embedded F alg -analytic manifolds, X 1 , . . . , X . Note that X is the disjoint union of subanalytic sets of form In light of Remark 2.2(i) and Remark 2.5, the following is a consequence of the Stratification Theorem for H-subanalytic sets.
Corollary
Let X be an H-subanalytic set, with dim X = d . Then X contains an H-subanalytic, embedded d -dimensional analytic manifold, and X contains no such -dimensional manifold for > d. Hence we may alternatively define dim X to be the maximum integer d such that X contains an H-subanalytic, embedded d -dimensional analytic manifold. The value d = dim X is realized in any stratification as in Theorem 4.4.
Remark
Using induction on dimension and the H-subanalytic Stratification Theorem, one proves, as for real subanalytic sets, that the stratification can be refined to satisfy the Frontier Condition that if X i and X j are strata and if X j ∩ X i = φ then X j ⊂ Bd X i .
